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We investigate inflation with a class of concave inflaton potentials of the form
∼ φn (0 < n < 1) in the Randall-Sundrum model with an infinite extra spatial
dimension. We show that this class of models is much more in good agreement with
observations compared to the standard inflation. We also find the range of the five-
dimensional Planck scale (M5) and show that large tensor-to-scalar ratios do not
eliminate small-field inflation in braneworld cosmology.
I. INTRODUCTION
The mysterious large mass hierarchy puzzle, which is the huge discrepancy between the
Planck scale and the electroweak scale, has attracted many theoretical physicists in the late
20th century. It addresses the profound question of why gravity is so weak. Braneworld
models are motivated from such a puzzle and they offer a simple solution by a realization of
the existence of extra spatial dimension(s) [1–3]. We will work specifically with the Randall-
Sundrum model which has an infinite extra dimension (RS2) [4] in this paper because this
model is phenomenologically more interesting in cosmology, although it cannot solve the
hierarchy problem since there is only a single brane.
Inflation is now widely believed to be a plausible mechanism in order to avoid fine-tuned
initial conditions of the Universe, and it gives very good predictions, though with many
parameters, that are compatible with observations. Primordial gravitational wave is the last
important prediction which has not been confirmed yet. Future space-based gravitational
wave detectors such as LISA may be able test this [5]. In Section II, we investigate inflation
in RS2 model with a class of concave inflaton potentials that has been recently favored by
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2Planck data [6]. It is therefore interesting to see if this class is still valid in braneworld
cosmology.
II. INFLATION IN RANDALL-SUNDRUM MODEL
Consider the following class of concave inflaton potentials
V (φ) = α4−nφn, (1)
where 0 < n < 1 and α > 0. There are two approximations that we will do, which are
the usual slow-roll approximation and the high-energy approximation. While the slow-roll
approximation is the must for inflation to happen, the high-energy approximation empha-
sizes the distinction between braneworld inflation and standard four-dimensional spacetime
inflation. These two approximations must be maintained throughout inflation.
The modified Friedmann equation in Randall-Sundrum model is [7]
H2 =
8π
3M24
ρ
(
1 +
ρ
2λ
)
, (2)
where M4 is the usual four-dimensional Planck scale, ρ is the energy density of the inflaton
field, and λ is the brane tension. Within the slow-roll approximation the kinetic term is
sub-dominant and hence the energy density consists mainly of the inflaton potential, i.e.
ρ ≃ V . In the low-energy limit, V << λ, we recover the standard Friedmann equation.
Therefore, the high-energy limit, V >> λ, characterizes braneworld cosmology. The brane
tension is related to M4 and M5 (five-dimensional Planck scale) as [7]
λ =
3M65
4πM24
. (3)
Because the initial inflaton potential must not exceed the Planck scale or otherwise quantum
gravity effects will become important, we can deduce thatM5 << M4 due to the high-energy
approximation mentioned above. We will use this fact in subsequent discussions.
Under these two approximations, we have the following slow-roll parameters [7]
ǫ ≃ 3M
6
5
16π2
(V ′)2
V 3
, η ≃ 3M
6
5
16π2
V ′′
V 2
, (4)
where the primes denote derivatives with respect to φ. The scalar spectral index, ns, and
the tensor-to-scalar ratio, r, are
ns ≃ 1− 6ǫ+ 2η, r ≃ 24ǫ. (5)
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FIG. 1: Confrontation between the theoretical predictions of inflation in RS2 model with the
Planck TT, TE, EE + low E + lensing data with 68% and 95% CL (shaded regions) [6]. The
convex inflaton potentials lie above the n = 1 line, while the concave inflaton potentials lie below
it.
The e-folding number is
N ≃ −16π
2
3M65
∫ φf
φi
V 2
V ′
dφ, (6)
where φi and φf are the initial and final values of the inflaton field, respectively.
From the condition of ending inflation, ǫ ≈ 1, we can find φf . Substituting this value
into the e-folding number we can find φi and hence ns, r. With the inflaton potential in Eq.
1, we get the scalar spectral index as
ns = 1−
2(2n+ 1)
(n+ 2)N + n
, (7)
and the tensor-to-scalar ratio is
r =
24n
(n+ 2)N + n
. (8)
The Planck data suggests that 50 . N . 60 with 95% confidence level [6], so we plot our
results in Fig. 1 for some typical values of n.
In standard inflation, we have the following results [8]. The primordial tilt is
ns = 1−
2 + n
2N
, (9)
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FIG. 2: Confrontation between the theoretical predictions of standard inflation with the Planck
TT, TE, EE + low E + lensing data with 68% and 95% CL (shaded regions) [6]. The convex
inflaton potentials lie above the n = 1 line, while the concave inflaton potentials lie below it.
and the tensor-to-scalar ratio is
r =
4n
N
. (10)
We compare these results with the Planck data in Fig. 2 with some values of n.
From Fig. 1 and Fig. 2, we see that for each value of n the scalar spectral index in RS2
model is smaller than the standard inflation case, but the tensor-to-scalar ratio is larger.
Although the class of concave inflaton potentials of the form ∼ φn in standard inflation is
consistent with observations for some values of n such as n = 2/3 and n = 3/4, these models
are only valid if the number of e-folds N is not large. On the other hand, the concave inflaton
potentials of the form ∼ φ1/2 and ∼ φ2/3 are safely inside the allowed region for arbitrary
numbers of e-folds in the range 50 . N . 60 in RS2 model. In Ref. [8], the authors showed
that the inflaton potential of the form ∼ φ2/3 is physically motivated from the context of
string inflation, while in our work this class of models is just a phenomenological approach
to achieve desired results that are in good agreement with observations. We admit that the
arbitrariness of inflaton potentials is a weakness of the inflationary theory, and that finding
a plausible physical mechanism to actually generate the proper potential is also important
5and needs to be studied further.
In addition, we also want to comment on the relationship between the inflaton field
excursion and the tensor-to-scalar ratio in RS2 model. This can easily be obtained from Eq.
6, Eq. 5, and Eq. 4 as ∣∣∣∣∣
dφ
dN
∣∣∣∣∣ =
M35
8
√
2π
√
r
V
. (11)
This is the Lyth bound in RS2 model. In standard inflation, the Lyth bound does not depend
explicitly on the inflaton potential, and if the inflaton field excursion is super-Planckian
(large-field inflation), then the tensor-to-scalar ratio is large and primordial gravitational
wave is an interesting observational signature of large-field inflationary models [9, 10]. In
RS2 model, however, this is not the case. The field excursion now depends on the inflaton
potential itself, so that the detailed analysis is therefore model-dependent. Nevertheless,
we can still easily see that the field excursion can be sub-Planckian (small-field inflation)
from the qualitative viewpoint. The reason is that the inflaton potential must not exceed
the 4D Planck scale (i.e. V . M44 ) and M5 << M4 due to the high-energy approximation
so that the field excursion is smaller than the 4D Planck scale ∆φ < M4
√
r. Therefore,
large tensor-to-scalar ratios do not necessarily imply large-field inflation, and observations
of gravitational wave do not eliminate small-field inflation in braneworld cosmology. This
remark can also be seen more explicitly by looking at the initial value of the inflaton field
of φn model
φn+2i =
3M65
16π2
n[(n + 2)N + n]
α4−n
. (12)
We can freely choose the appropriate parameters of M5 and α, provided that the initial in-
flaton potential is smaller thanM44 , to demand that the initial inflaton field is sub-Planckian
and hence small-field inflation is established. Meanwhile, the tensor-to-scalar ratio (Eq. 8),
which is independent of these two parameters, is large in this model.
On the other hand, the lower bound of M5 is determined from the accuracy of the
Newtonian gravitational potential at small distance, because the Randall-Sundrum model
with an infinite extra dimension predicts the modification of such a potential as [4, 7]
V (r) = −Gm1m2
r
(
1 +
1024π2M44
r2M65
)
. (13)
The Newtonian gravitational potential was tested to an incredibly small distance of about
652µm [11]. The lower bound of the 5D Planck scale is therefore
M65 >>
1024π2M44
r2
≈ 3, 23.1057GeV 6. (14)
So overall we have the range
3, 84.109GeV << M5 << 1, 22.10
19GeV. (15)
This range could be useful for future investigations.
III. CONCLUSION
In this paper, we showed that the concave inflaton potentials of the form ∼ φn in the
Randall-Sundrum type II model are consistent with observations if 1/3 . n . 3/4. Inflation
in RS2 model generally predicts smaller scalar spectral indices and larger tensor-to-scalar
ratios compared to standard inflation. However, large tensor-to-scalar ratios do not strictly
imply large-field inflation in this model since the inflaton field rolls more slowly. Our pos-
sible future work will be investigating how the braneworld cosmology might affect certain
processes in the early Universe such as electroweak baryogenesis [12].
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